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COLOURINGS

1T  MINIMUM ORDER OF K—CHROMATIC
K141 —FREE GRAPHS

(Anja Kohl)

Let n,(k) denote the smallest possible number of vertices of a graph G with chro-
matic number x(G) = k and clique number w(G) < r. Obviously, n,(k) = k for
T > k. So we are only interested in the case r < k — 1.

It is known that n, (k) has order of magnitude k* - log k.
Question 1.1. What order of magnitude has n.(k) for r > 3¢

For k < 3 4 r all exact values for n.(k) are known, in particular: n,(4) = 11 [1],
na(5) =22, n3(5) = 11 [2] and n3(6) = 16 [4].

Problem 1.1. Determine n,(6), n3(7), and n4(8).
(known: 30 < n,(6) < 45, 20 < n3(7) <31, 17 < ny(8) < 22)

Known ([3]): For k sufficient large and r > k — 11, we have the following results:

® n_i(k)=k+2ifork>3i,i=1,2

® n_i(k)=k+2ifork>21+1,1=3,4,5,6
e n_i(k)=k+2i—1fork>2i,i=7,8

e n i(k)=k+2i—2fork>21—1,1=9

o n i(k)=k+2i—3fork>2i—2, i=10,11

®* n_i(k)=k+2i—4fork>21—3, i=13.

Problem 1.2. Determine ny_1,(k) for k > 22
(known for k > 22: k+20 < ny_12(k) < k+21).

The value of ny_12(k) for k > 22 depends on the Ramsey number R(10, 3). Itis
known that 40 < R(10, 3) < 43. If R(10, 3) € {42, 43}, then ny_1»(k) = k + 20 for
k > 22, otherwise ny_12(k) = k + 21.
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2  CHROMATIC NUMBER OF GRAPHS WITH
TWO ODD CYCLE LENGTHS

(Stephan Matos Camacho)

Let Co(G) denote the set of odd cycle lengths contained by a graph G. Gyarfas
([2]) proved that G is colourable with at most 2k + 1 colours if |C,(G)| = k, unless
G contains a Kyi». In [1] we observed

Theorem 2.1. If G only contains two consecutive odd lengths greater than 3, say
Co(G)={2m +1i: 1 €{—1,1}, m > 3}, then G is 4-colourable.

Question 2.1. Let G be a 2-connected graph with Co(G) = 2m +1i: i €
{—1,1}, m > 3} and minimal degree at least 3. Is x(G) < 4¢

In [5] a first part of the question could be answered:
Theorem 2.2. If G contains only odd cycles of length 5 and 7, then G is 3-colourable.

The proof is based on known results on the structure of k-critical graphs due to
Dirac and Toft. The rest of the questions still remains open.

Question 2.2. Let G be a 2—connected graph with C,(G) = {2m+1,2n+1: m >
n+1,n > 2} and minimal degree at least 3. Is x(G) < 5¢
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3 b-COLOURINGS OF GRAPHS

(Mais Alkhateeb, Anja Kohl)

Let G be a simple and undirected graph of order n. A b-colouring of G is a proper
vertex colouring such that there is a vertex in each colour class, which is adjacent
to at least one vertex in every other colour class. Such a vertex is called a colour-
dominating vertex. The b-chromatic number of a graph G, denoted by b(G), is the
largest k such that there is a b-colouring of G by k colours.

Irving and Manlove ([3]) introduced the concept of b-colouring and proved that
determining the b—chromatic number is NP-hard in general and polynomial for
trees. Determining b(G) is NP-hard even for bipartite graphs ([4]). Moreover, [3]
states that b(G) < m(G) for every graph G with m-degree m(G) := max{1 < i <
n:d(vi) > i—1} where the vertices v¢, vy, ..., v, of G are ordered in nonincreasing
order of their degrees.

Problem 3.1. Characterization of graphs with m(G) —1 < b(G) < m(G).

It is known, that this inequality holds for trees ([3]), and for graphs whose blocks
are cliques of size 2 or 3.

Another interesting problem is to characterize those graphs G satisfying b(G) =
A(G) + 1. If this problem is limited to regular graphs, Kratochvil et al. ([4]) proved
that for every d-regular graph with at least d* vertices, b(G) = d + 1. Moreover,
it is known that for every graph G with girth at least 6, b(G) > 8(G), and if this
graph is d-regular then b(G) = d + 1.

Conjecture 3.1. ([4]) ] For every d-regular graph G with girth at least 5, b(G) = d+1.

A graph G is called b-continuous if it has a b-colouring by k colours for all k
satisfying x(G) < k < b(G). There exist graphs which are not b-continuous, e.g.
the cube Qs, every (r — 1)-factor of the complete bipartite graph K, ,, v > 4 ([3]),
and some other bipartite graphs ([2]). Since all non-b-continuous graphs that are
known so far contain a claw as an induced subgraph, we ask:

Question 3.1. Does there exist a claw-free graph that is not b-continuous?

We conjecture that there is no such graph. This is reason to pose the following
conjecture:

Conjecture 3.2. Line graphs are b-continuous.

4
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Recently we could verify that graphs G with minimum degree §(G) > n — 3 are
b-continuous ([1]). Moreover, there exist non-b-continuous graphs G of order n
and minimum degree 6(G) = n — 5. So we ask:

Question 3.2. /s every graph G with minimum degree (G) = n — 4 b-continuous?

References:
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4  (ON THE CYCLIC CHROMATIC NUMBER OF
3-CONNECTED PLANE GRAPHS

(Mirko Hornak)

The cyclic chromatic number of a plane graph G, in symbol x.(G), is @ minimum
number of colours in such a vertex colouring of G that distinct vertices incident with
a common face receive distinct colours. If G is 2-connected, then x.(G) > A*(G),
where A*(G) is the maximum face degree of G.

On the other hand, no 3-connected plane graph G is known with x.(G) > A*(G)+2.
Plummer and Toft ([7]) proved that x.(G) < A*(G) + 9 and conjectured (PTC) that
Xc(G) < A*(G) + 2 for any 3-connected plane graph G.

Let PTC(d) denote PTC restricted to 3-connected plane graphs G with A*(G) = d.
It is known that PTC(d) is true for d = 3 (Four Colour Theorem), d = 4 (Borodin
[1]), d € {18, ...,23} (Hornak and Zlamalova [6]) and d > 24 (Hornak and Jendrol’
[5]). For A*(G) > 60 Enomoto et al. ([4]) obtained the best possible inequality:
Xc(G) < A*(G) + 1 (graphs of pyramids show that the bound A*(G) + 1 cannot be
improved).

The best general upper bound known so far is due to Enomoto and Hornak ([3]),
namely x.(G) < A*(G) + 5.

Problem 4.1. Prove PTC(d) for some d € {5,...,17}.
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5 THE CIRCULAR TOTAL CHROMATIC NUMBER

(Andrea Hackmann, Arnfried Kemnitz)

A k—total colouring of a simple graph G is an assignment of k colours to the ver-
tices and edges of G such that the neighbored elements - two adjacent vertices or
two adjacent edges or a vertex incident to an edge - are coloured differently. The
minimum number k for which a graph G admits a k—total colouring is the total
chromatic number x”(G) of G.

If k and d are positive integers with k > 2d then a (k, d)—total colouring of a
graph G is an assignment c of colours {0, 1, ...,k — 1} to the vertices and edges
of G such that d < |c(x;) — c(x;)| < k — d whenever two elements x; and x; are
neighbored. The circular total chromatic number x!(G) of G is defined as the
infimum of fractions % for all (k, d)—total colourings of G:

X2 (G) = inf {g : G has a (k, d) — total colouring.}

Obviously, a (k, 1)—total colouring is a k—total colouring of G which implies that
X¢(G) < X"(G). Forcycles C, it holds !/ (Csis1) = 3+ and x!(Cskra) = 3+ 3705
whereas X" (Cziy1) = X" (Caiy2) = 4.

For example, for complete graphs and several classes of complete multipartite
graphs the total chromatic number and the circular total chromatic number coin-
cide.

Problem 5.1. Determine classes of graphs G aside from cycles such that

Xc (G) < x"(G).




COLOURINGS

6 (CHOICE NUMBER OF CARTESIAN PRODUCTS

(Mieczystaw Borowiecki, Stanislav Jendrol’)

Let ch(G) denote the choice number of G and let G x H be the Cartesian Product
of graphs G and H.

Galvin (1995) proved that ch(K,, x K;) = n and solved in this way the old Dinitz’s
conjecture. (See Diestel’s book where the solution is presented as a result on the
edge list colouring of bipartite multigraphs.)

Let G and H be graphs. Clearly,
max{ch(G),ch(H)} < ch(G x H).
Question 6.1. Does there is an absolute constant ¢ such that
ch(G x H) < max{ch(G),ch(H)} + ¢?
Question 6.2. If the answer is YES, then how bigis c? Isc =1¢

Comment: In[1] we have shown that the above conjecture is not true in a general
case.
However, we suspect that the following two conjectures hold:

Conjecture 6.1. There exists a constant A such that the following holds for every
pair of graphs G and H:

ch(G x H) < A(ch(G) + ch(H)).
Conjecture 6.2. Let G and H be two graphs with maximum degree at most A. Then
ch(G x H) < A+ o(A).
References:
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7 COLOURING VERTICES OF PLANE GRAPHS UNDER
RESTRICTIONS GIVEN BY FACES

(Stanislav Jendrol’)

Consider a vertex colouring of a connected plane graph G. A colour c is used k
times by a face « of G if it appears k times along the facial walk of «. Two natural
problems arise.

1. A vertex colouring ¢ is a weak parity vertex colouring of a connected plane
graph G with respect to its faces if each face of G uses at least one colour an odd
number of times. Problem is to determine the minimum number x,,(G) of colours
used in a wpv colouring of G.

In[1]itis proved that x,,(G) < 4 for every connected plane graph G with minimum
degree at least 3. We strongly believe that the following holds.

Conjecture 7.1. Let G be a connected plane graph of minimum face degree at least
3. Then

Xw(G) < 3.

The Conjecture is true for 2-connected cubic plane graphs, see [1].

2. A vertex colouring @ is a strong parity vertex colouring of a 2-connected plane
graph G with respect to the faces of G if each face of G that uses a colour then it
uses an odd number of times. Problem is to find the minimum number x(G) of
colours used in an spv colouring of G. We believe that

Conjecture 7.2. There is a constant k such that for every 2-connected plane graph
G
Xs(G) < k.

We do not know any 2-connected plane graph H with x,(H) > 7. Hence, we
believe that k = 6 in the above conjecture.

References:

[1] J. Czap, S. Jendrol’, Colouring vertices of plane graphs under restrictions given by faces, Discussiones Math.
Graph Theory (submitted).




COLOURINGS

8 ON TOTAL ACYCLIC COLOURING OF PLANAR GARPHS

Mieczystaw Borowiecki, Izak Broere, Peter Mihok

An additive hereditary property of graphs is a class of simple graphs which is closed
under unions, subgraphs and isomorphism. Let P and Q be additive hereditary
properties of graphs. A (P, Q)-total colouring of a simple graph G is a colouring
of the vertices V(G) and edges E(G) of G such that for each colour i the vertices
coloured by i induce a subgraph of property P, the edges coloured by j induce
a subgraph of property Q and moreover the adjacent vertices and edges obtain
different colours. The minimum number of colours of a total (P, Q)-colouring of G
is the total (P, Q)-chromatic number and is denoted by X;/Q(G).

We will present basic results and some Problems, and Conjectures on total (P, Q)-
colourings of planar graphs where the class P and Q is the class of edgeless and
acyclic graphs, respectively.

An acyclic k-colouring of a graph G is a proper vertex k-colouring of G satisfying
the subgraph induced by every pair of colour classes has no cycle.

The minimum k such that G has an acyclic k-colouring is called the acyclic chromatic
number of G, denoted by x,(G).

Total acyclic 3-colouring

Theorem 8.1. If a graph G is properly acyclic vertex k-colourable, then G is totally
(O, Dq)-colourable with k colours when k is odd and with k + 1 colours when k is
even.

Let G be a graph. Then xg/% (G) =1 if and only if G is an edgeless graph with at
least one vertex. If G contains at least one edge, then Xg,% (G) > 3. Thus there is
no graph G with Xé,@ (G) =2.

By Theorem 8.1 we have two Corollaries.

Corollary 1. Let G be a forest with at least one edge. Then xg/% (G) =3 ifand only
ifxa(G) = 2.

Corollary 2. Let G be a graph with at least one cycle. Then Xg,% (G) = 3ifand only
ifxa(G) = 3.

Planar graphs
Theorem 8.2. ([1]) Every planar graph has an acyclic 5-colouring.
Theorems 8.1 and 8.2 imply the following result.

Corollary 3. If G is a planar graph, then xg,% (G) <5.

10
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This upper bound also holds for larger class of graphs:

Theorem 8.3. If G is Ks-minor free, then x , (G) < 5.

Theorem 8.4. ([4]) If G is a planar bipartite graph, then x.(G) < 5 and the bound
is sharp.

Although planar graphs and bipartite planar graphs have the same upper bound for
the acyclic chromatic number, but for the graphs from the second class, we have
the following theorem.

Theorem 8.5. If G is a planar bipartite graph, then xg/% (G) < 4 and the bound is
sharp.

Consider now the class of 3-colourable planar graphs. Apparently for these graphs
we have the same upper bound, namely:

Theorem 8.6. If G is a 3-colourable planar graph, then xg/% (G) < 4 and the bound
is sharp.

Since for Ks-minor free graphs we have the same upper bound as for planar graphs
it seems that Four Colour Theorem can be strengthened to the following one:

Conjecture 8.1. If G is a planar graph, then Xé,g (G) < 4.

We recently proved the following Conjecture:

Conjecture 8.2. (/3)) If G is a planar graph, then X;;h% (G) < 4.
We conclude with the following Problem:

Problem 8.1. Characterize planar bipartite graphs with X8,931 (G) = 4 for which
Xa(G) =4 (Xa(G) = 5).

References:
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® [3] M. Borowiecki, A. Kemnitz, M. Marangio and P. Mihok, Generalized total colourings of graphs
(submitted).

® [4] A.V. Kostochka and L.S. Mel’nikov, A note to the paper of Grunbaum on acyclic colorings
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9 LIST COLOURINGS OF INTEGER DISTANCE GRAPHS

(Arnfried Kemnitz)

Let D be a subset of the positive integers IN. The integer distance graph G(Z, D) =
G(D) is defined as the graph with the set of integers as vertex set, V(G(D)) = Z,
and edge set consisting of all pairs uv whose distance [u —v| is an element of the
so-called distance set D.

General bounds for the chromatic number of integer distance graphs are
2 < x(G(D)) <Dl +1.

Voigt ([4]) and Zhu ([5]) determined x(G(D)) if [D| =3 :

If D = {x,y, z} consists of integers whose greatest common divisor equals 1, then
x(D) =4 ifandonlyif D ={1,2,3n}or D = {x,y,x+y} and x Zy (mod 3). If
X, Y, z are odd then x(D) = 2. For all other 3—element distance sets D it holds
x(D) = 3.

General bounds for the list chromatic number (choice number) of integer distance
graphs are x(D) < ch(D) < |D|+ 1 (Kemnitz, Marangio 2001).

Question 9.1. Does there exist a 3—element distance set such that ch(D) < 4¢

References:
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10 [1, 1, t]-CoLouriNGs OF COMPLETE GRAPHS

Arnfried Kemnitz, Massimiliano Marangio

Given non-negative integers 1, s, and t, an [r, s, t]-colouring of a graph G =
(V(G), E(G)) is a mapping c from V(G) U E(G) to the colour set {0,1,...,k —1}
such that |c(v) — c(v’)| > r for every two adjacent vertices v, V', [c(e) —c(e’)] > s
for every two adjacent edges e, e’, and |c(v) —c(e)| > t for all pairs of incident
vertices and edges, respectively. The [r, s, tl-chromatic number ¥, (G) of G is
defined to be the minimum k such that G admits an [r, s, t]-colouring.

This is an obvious generalization of all classical graph colourings since c is a ver-
tex colouring if r = 1, s =t = 0, an edge colouringif s =1, r =t =0, and
a total colouring if r = s = t = 1, respectively. Therefore, x10,0(G) = x(G),
X0,1,0(G) = x'(G), and x111(G) = x"(G) where x(G) is the chromatic number,
x'(G) the chromatic index, and x”(G) the total chromatic number of the graph G.

For complete graphs K, on n vertices it holds

n if n odd,

Kn: //Kn:
X1,1,1(Kn) = x"(Ky) {n—|—1 if n even

and we proved (see [1])

n ifn=1,
x1,12(Kn)=qn+2 ifn>30dd, n=2 n=6 orn=38,
n+3 ifn=4orn > 10 even.

Problem 10.1. Determine x1,1.(Ky) for 3 <t <2(n—1).

Note that x1,1+(Kn) =2(n—1) +tift >2(n—1) (see [2]).

References:

[1] A. Kemnitz, J. Lehmann, M. Marangio, [1, 1, 2]-Colorings of Complete Graphs
submitted.

[2] A. Kemnitz, M. Marangio, [r, s, t]-Colorings of Graphs
Discrete Mathematics 307 (2007), 199-207.
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11 NEIGHBOURS DISTINGUISHING INDEX OF
PLANAR GRAPHS

(Keith Edwards, Mirko Hornak, Mariusz Wozniak)

Let G be a finite simple graph with no component K,. Let C be a finite set of
colours and let ¢ : E(G) — C be a proper edge colouring of G. The colour set of a
vertex v € V(G) with respect to @, in symbols S, (v), is the set of colours of edges
incident with v. The colouring ¢ is neighbours distinguishing if S, (x) # S, (y) for
any xy € E(G). For example, any neighbour-distinguishing colouring of Cs uses
necessarily 5 colours.

The neighbours distinguishing index of the graph Gis the smallest number ndi(G)
of colours in a neighbour-distinguishing colouring of G. Neighbours distinguishing
index has been introduced in [7], where the authors have conjectured that ndi(G) <
A(G) +2 for any connected graph G nonisomorphic to Cs on at least three vertices
(Neighbour-Distinguishing Conjecture = NDC). NDC was confirmed in [1] for
cubic graphs and for bipartite graphs, in [6] for graphs with maximum degree at
most 3, in [2] for planar graphs with girth at least 6 and in [5] for planar graphs
with maximum degree at least 12. In [3] it was proved that ndi(G) < A(G) + 1
for any planar bipartite graph G with A(G) > 12. Hatami in [4] showed that
ndi(G) < A(G) + 300 provided that A(G) > 10%°.

Problem 11.1. Find the minimum integer A > 4 such that ndi(G) < A(G) + 1 for
any plane bipartite graph G with A(G) > A.

Problem 11.2. Prove or disprove NDC for planar graphs G with A(G) = A for (at
least some) A € {4,...,11}.

References:

[1]1 P.N. Balister, E. Gyori, ). Lehel and R. H. Schelp, Adjacent vertex distinguishing edge-colorings
SIAM J. Disc. Math. 21 (2007), 237-250.

[3] Y. Bu, KW. Lih and W. Wang, Adjacent vertex distinguishing edge-colorings of planar graphs with girth at least six
submitted.

[3] K. Edwards, M. Horndk and M. Wozniak, On the neighbour-distinguishing index of a graph
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12  EDGE-DISTINGUISHING INDEX OF A SUM OF CYCLES

(Rafat Kalinowski, Mariusz Wozniak)

A neighbourhood N(e) of an edge e of a graph G = (V,E) is a subgraph of
G induced by e and all edges adjacent to e. A colouring ¢ : E — S is called
edge-distinguishing if, for any two distinct edges e, e/, there does not exist an
isomorphism @ of N(e) onto N(e') preserving colours of ¢, and such that ¢ (e) = e’.
An edge-distinguishing index x.(G) of a graph G is the minimum number of colours
in a proper edge-distinguishing colouring c : E — S.

If G is a cycle C,, of length n, then it is easy to see that

1
Xé(cn) Z Yn = min{k| Ekz(k_1) Z Tl}.

Theorem 12.1.

(C) {yn+1 ifn=13K2k—1)—1o0orn =4,

Yn otherwise.

Problem 12.1. Let G be a disjoint sum of cycles with the total sum of lengths equal
to n. Evaluate x.(G).
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13 RAINBOW CONNECTION

(Ingo Schiermeyer)

An edge coloured graph is called rainbow connected if any two vertices are con-
nected by a path whose edges have different colours. The rainbow connection
number rc(G) is the smallest number of colours that are needed in order to make
G rainbow connected. It is known that

1<rce(G)<n—1.

Problem 13.1. For every k > 2 find a minimal constant cy with 0 < cx < 1 such
that rc(G) < cx - nfor all graphs G with minimum degree 5(G) > k. Is it true that

Cx = for all k > 2?

k+1

This is true for k =2,3 (c2 = 1,¢3 = 3).

14 SATURATED RAINBOW EDGE COLOURING OF
CUBE GRAPHS

(Heiko Harborth, Arnfried Kemnitz)

Let f(n, k) denote the minimum number of colours for the edges of the cube graph
Qn such that for k < n no rainbow Qy occurs (the edges of a rainbow Qy have
pairwise different colours), however, for every edge with a colour used at least
twice it follows that a new colour for this edge induces a rainbow Q.

For k = 3 it is known f(3,3) = 11, f(4,3) = 24, and f(5, 3) = 20.

1. Determine (6, 3).

2. Determine the smallest n > 3 such that f(n,3) = 11.
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15 TIGHTNESS OF BONDY’S THEOREM

(Arnfried Kemnitz)

Bondy([1]) proved in 1980 that a k-connected graph G of order n > 3 is hamilto-
nian if the minimum degree sum oy1(G) of all (k+1)-sets of independent vertices
is at least %((k—l— 1)(n—1) + 1) which generalizes the sufficient conditions of Dirac
(k=0) and Ore (k = 1).

Bondy’s bound is tight for k = 1 and all n since for G = (K,,_, U K) + Ky it holds
that 0,(G) = [5(2(n—1) +1)] —1 =n — 1 but G is not hamiltonian.

The bound is also tight for all k and odd n since the graph G = Ku + DL, fulfills
0k41(G) = [3((k+ 1)(n — 1) +1)] — 1 but is not hamiltonian.

Question: Is Bondy’s bound also tight if n is even?

Note that for k = 2 and n = 8 the bound o03(G) > 11 is not tight since all 927
non-hamiltonian 2-connected graphs G of order 8 fulfill 03(G) < 9.
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16 EVERY LOCALLY CONNECTED GRAPH IS
WEAKLY PANCYCLIC

(Zdenek Ryjacek)

Let G be a finite simple undirected graph and let g(G) and ¢(G) be the girth and
the circumference of G (i.e. the length of a shortest cycle of G and the length of a
longest cycle of G), respectively. We say that G is weakly pancyclic if G contains
cycles of all lengths € for g(G) < £ < c¢(G). The graph G is locally connected if the
neighborhood of every vertex of G induces a connected graph.

Conjecture 16.1. (/8]) Every connected locally connected graph is weakly pancyclic.

Comments. The concept of locally connected graphs was introduced by Char-
trand and Pippert ([3]). More information about weakly pancyclic graphs appears
in [2], for example.

The conjecture is based on a result by Clark ([4]), who proved that every connected,
locally connected graph is vertex pancyclic (having cycles of all lengths from 3 to
|V(G)| through every vertex). Without the claw-free assumption, it is easy to con-
struct locally connected graphs that are nonhamiltonian. Nevertheless, all known
examples are weakly pancyclic; and indeed [4] proved the conjecture for claw-free
graphs.

In a chordal graph, every block is locally connected, and for every cycle of length at
least 4 there is a cycle with length one less that is obtained by skipping one vertex.
Thus the conjecture holds for chordal graphs.

It is easy to show that the square of any graph is locally connected. (The square
adds edges making vertices at distance 2 in the original graph adjacent.) Fleischner
([5], Theorem 6) proved that the square of every graph is weakly pancyclic, thus
verifying the conjecture for squares of graphs.

The lexicographical product of graphs is another way to obtain a locally connected
graph. Kaiser and Kriesell ([6]) recently proved that the lexicographical product
G[H] is weakly pancyclic provided G is a connected graph and H is an arbitrary
graph with at least one edge.

Kriesell ([7]) verified the conjecture for graphs with maximum degree at most 4.
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Finally, planar triangulations are locally connected. Balister ([1]) proved the con-
jecture for this class as follows. Let C be a cycle in a planar triangulation G. By
induction on the number of faces inside, we prove that the interior (with boundary)
contains cycles of all shorter lengths. If some face inside has two edges on C,
then using the third edge yields a cycle C’ with length one less and fewer faces
inside. Otherwise, there is a face with one edge on C and the third vertex inside.
Detouring from C to include this vertex forms a longer cycle C’, but again it has
fewer regions inside and the induction hypothesis applies.
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17 DOMINATING CYCLES AND HAMILTONIAN PRISMS

(Zdenek Ryjacek)

The prism over a graph G, denoted GOKj, is the Cartesian product of G and K. It
consists of two disjoint copies of G and a perfect matching connecting a vertex in
one copy of G to its “clone" in the other copy.

A graph G is hamiltonian if it has a hamiltonian cycle and traceable if it has a
hamiltonian path. Define a k-walk in a graph to be a spanning closed walk in which
every vertex is visited at most k times.

The following implications are easy to verify:

G is hamiltonian = G is traceable = GOK; is hamiltonian
= G has a 2-walk.

Thus the question whether GOKj; is hamiltonian is “sandwiched” between hamil-
tonicity and having a 2-walk. Specifically, the property of having a hamiltonian
prism can be considered as a “relaxation” of hamiltonicity. More information about
prism-hamiltonicity of a graph can be found e.g. in [1] and [2].

A dominating cycle in a graph G is a cycle C such that every edge of G has at least
one vertex on C, i.e. such that the graph G — C is edgeless. Clearly, a hamiltonian
cycle is dominating, and hence the property of having a dominating cycle can be
considered as another relaxation of hamiltonicity.

There is a natural question whether there is any relation between these two prop-
erties.

Example 17.1. Let H be any 2-connected cubic nonhamiltonian graph, and let G
be obtained from H by replacing every vertex of H with a triangle (such a G is
sometimes called the inflation of H). Then G is a 2-connected line graph and
these are known [2] to be prism-hamiltonian. On the other hand, since H is
nonhamiltonian, any cycle in G has to miss at least one “new" triangle and hence G
has no dominating cycle. Thus, there are “many" graphs showing that hamiltonian
prism does not imply having a dominating cycle.

Example 17.2. The graph in the figure below shows that also the existence of a
dominating cycle does not imply having hamiltonian prism.
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However, all such known examples are of low toughness. This motivates the
following question.

Conjecture 17.1. Let G be a 1-tough graph having a dominating cycle. Then G has
hamiltonian prism.

Comments. Recall that G is 1-tough if, for any S C V(G), the graph G — S has at
most |S| components.

Suppose that G has a dominating cycle C of even length. Set M = V(G) \ V(C)
and N = {x € V(C)| x has a neighbor in M}. Then the graph induced by M U N
has a matching containing all vertices from M (this follows by the toughness as-
sumption and by the Hall’s theorem). Using this matching, it is easy to construct
a hamiltonian cycle in GOKj,.

The difficult case is when all dominating cycles in G are of odd length.
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18 NONPANCYLIC CLAW-FREE GRAPHS WITH
COMPLETE CLOSURE

(Zdenek Ryjacek, Richard Schelp)

It is known that a claw-free graph G is hamiltonian if and only if its closure cl(G)
is hamiltonian. On the other hand, there are nonpancyclic graphs with pancyclic
closure [1]. The graph in the figure below is an example of such a nonpancyclic
graph with complete (and hence pancyclic) closure.

Problem 18.1. Determine the maximum number of cycle lengths that can be miss-
ing in a claw-free graph on n vertices with complete closure.

It is easy to see that a claw-free graph with complete closure on at least 4 vertices
can miss neither a C3 nor a C4. The main result of [2] shows that such a graph
G cannot be missing a cycle of length n — 1; however, the proof of this result is
difficult and cannot be iterated.

The following was conjectured in [2].

Conjecture 18.1. Let cq, ¢, be fixed constants. Then for large n, any claw-free graph
G of order n whose closure is complete contains cycles C; for all i, where 3 < i < ¢4
andn —c, <i<n

Recently, counterexamples to the first part of the Conjecture 18.1 have been found
(see [3]), all these counterexamples have connectivity k < 5. We believe that the
second part of Conjecture 18.1 is true, and that such a construction as shown in
[3] is possible only for connectivity k < 5. Thus, we conjecture the following.

Conjecture 18.2. Let c be a fixed constand. then for large n, any claw-free graph G
of order n, whose closure is complete, contains cycles C; for all i,n —c <i < n.

Conjecture 18.3. Every 6-connected claw-free graph with complete closure is pan-
cyclic.
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19 CYCLES CONTAINING K—CONNECTED VERTEX
SUBSETS AND INDEPENDENT EDGE SUBSETS

(Jochen Harant)

Given k € N, a graph G, and X C V(G). X is k-connected in G if G — S has a
component containing X for every S C V(G) with S| <k — 1.

Remark: Even in a planar graph this ‘regional’ connectedness of a vertex set X
can be arbitrarily large (in opposition to the usual global connectedness of a planar
graph, i.e. if X = V(G))!

Theorem 19.1. Let G be a planar graph, X C V(G), such that X is 4-connected in
G, and E C E(G[X]), such that |E| < 2 and E is independent if [E| = 2.
Then there is a cycle of G containing X U E.

Theorem 19.2. Let G be a graph, X C V(G), such that [X| > 7 and X is (|X| — 3)-
connected in G, and E C E(G[X]), such that |E| = 3 and E is independent.

Then there is a cycle of G containing X U E.

(Not true if X is only (|X| — 4)-connected in G.)

Problem 19.1. /s there a positive constant c such that the following holds ?
A planar graph G with X C V(G), X is c-connected in G, E C E(GI[X]), [E| = 3, and
E is independent, has a cycle containing X U E.
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20 L VERTICES ON A SHORT CYCLE

(Jochen Harant)

Let G be a k—connected graph of order n = |V(G)|. Given 1 prescribed vertices,
1 < 1 <k, find a short cycle containing these 1 vertices. By a theorem of Dirac
such a cycle always exists. Denote the length of this cycle in the worst case by
f(n, k, 1).
Question 20.1.
2
fin, k, k) = En—k Ck ?

Known:

1. f(n,k, 1) = (27)11+ const

2. f(n, k,2) =f(n,k,3) = %n+ const

3. For 1 > k: If such a cycle exists, then f(n, 3,4) > %n + const

21 HAMILTONIAN NEIGHBORHOOD GRAPHS

(Martin Sonntag, Hanns-Martin Teichert)

The neighborhood graph N(G) for a simple graph G = (V, E) is defined to be the
graph on the same vertex set V with two vertices adjacent if and only if there is in
G a path of length two between them. Neighborhood graphs, also referred to as
two-step graphs, have been the object of several studies in the last 25 years.

If G is hamiltonian then N(G) is hamiltonian for |V| odd. This is not true for |V|
even, for instance N(Cy,) is disconnected. We can show that N(G) is always
hamiltonian if G is 1-hamiltonian connected and has a triangle, but we think there
are weaker conditions providing hamiltonicity of N(G).

Problem 21.1. Find sufficient conditions for G, such that N(G) is hamiltonian or
hamiltonian connected.
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22  ARBITRARILY VERTEX-DECOMPOSABLE TREES

(Mirko Hornak, Antoni Marczyk and Mariusz Wozniak)

Atree T is said to be arbitrarily vertex decomposable if for any sequence (tq, ..., ty)
of positive integers adding up to [V(T)| there is a sequence (Tq, ..., Ti) of vertex-
disjoint subtrees of T such that [V(T;)| =tifori=1,..., k.

The notion of an arbitrarily vertex decomposable (avd for short) tree has been in-
troduced independently by Barth et al. in [1] and Hornak and Wozniak in [5].

It turned out that some classes are essential when analysing the property of a tree
“to be avd”. A star-like tree (a spider) is a tree homeomorphic to a star K; 4. Such a
tree is uniquely (up to isomorphism) determined by the non-decreasing sequence
(aj, ..., aq) of orders of its arms; it will be denoted by S(ay, ..., aq) and also called
a g-spider.

A caterpillar is a tree T having as a subgraph a path P such that T — P is an edgeless
graph.

The most general result concerns the best upper bound avdm.x on the maximum
degree of an avd tree. In [5] it has been conjectured that avdm.x < 6 and conjectured
that avd,,.x = 4. Later it was shown that avd,,.,x < 5 ([7]) and avdna < 4 ([2]).
More precisely, the result of [2] reads as follows:

Theorem 22.1. [fa tree T is avd, then A(T) < 4. Moreover, if a tree T is avd, then
each vertex of T of degree four is adjacent to a leaf.

Let us mention that there are avd trees with maximum degree 4, for example
S(2,2,5,7), hence, as conjectured, avdma = 4.

There are only few known families of avd trees. The following theorem has been
proved independently in [1] and [5] (see also [4] for another, much more compli-
cated result of this type).

Theorem 22.2. A 3-spider S(2, ay, as) is avd if and only if a; and as are coprime.

For a; > 2 let A,(aq) be the set of all a,’s such that a, > a; and there is a3 > a,
such that S(ay, az, a3) is avd. Similarly, for a; > a; > 2 let A3(a4, az) be the set
of all a3’s such that az > a, and there is a; > a3 such that S(a4, a,, as, as) is avd.
From Theorem 22.1 it is clear that if As(aq, ay) # 0, then a; = 2.
We give below four “main" open questions concerning avd trees.

Question 22.1. Is A,(aq) # 0 for all a; > 22
Question 22.2. Is A3(2,a,) # O forall a, > 2?
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Hornak and Wozniak ([6]) showed that A,(a;) # 0 for all a; € {2,...,28} and
A3(2,az) # 0 for all a; € {2,...,23}. According to [3] there are infinitely many
a;’s such that A, (aq) # 0.

It is easy to see that an avd caterpillar has at most one vertex of degree four. In
Figure 1 there is depicted an avd tree having two vertices of degree four.

24 72 \/ 36 °

An edge labelled 1 stands for a subpath with 1 vertices of degree 2.

®
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23  WHICH GRAPH INVARIANTS ARE ARHP?

(Peter Mihok, Gabriel Semanisin)

Let ¢(G) be a graph invariant. A graph G is called @-partitionable if, for any pair
of positive integers (kq, ky) satisfying k1 4+ k, > @(G) — 1, there exists a partition
{V1,V2} of V(G) such that (p(G[Vﬂ) < k1 and (p(G[VQ]) < kz.

The next well-known results for the maximum degree A(G) provides an illustration
of such an invariant:

Theorem 23.1. (Lovasz, 1966) Every graph G is A-partitionable.

The following problem have been formulated by I.Schiermeyer during the workshop
Hereditarnia 2003 (see [1]):

Question 23.1. Which other partition concepts/problems of this type do exist?

We have investigated a problem related to the previous one: Let P be a hereditary
property of graphs. Given a graph invariant ¢, we define the associated invariant
of the property P in the following manner:

@(P) = min{e(F) : F € F(P)}.

The motivation for the investigation of invariants related to hereditary graph prop-
erties comes from extremal and chromatic graph theory. The classical Erdos-Stone-
Simonovits formula provides a relationship between the maximum number of edges
in a P-maximal graph of order n and the invariant x () - the chromatic number of
P (see e.g. [7]).

Let Py, P, ..., Py be any properties of graphs. A vertex (Pq, P, ..., Py)-partition
of agraph G is a partition (V7, V3, ..., V) of V(G) such thatforeachi=1,2,...,n
the induced subgraph G[V;] has the property P;. The property R = P1oPs0...0Py
is defined as the set of all graphs having a vertex (Pq, Py, ..., Py)-partition. If a
property R can be expressed as the product of at least two properties,then it is said
to be reducible; otherwise it is called irreducible (for more details see e.g. [3]).

A. Berger ([2]) proved that any reducible additive hereditary property of graphs has
infinitely many minimal forbidden graphs. But only very little is known about the
structure of F(P-Q), even in the case when the structure of F(P) and F(Q) is known.
Moreover, A. Farrugia proved in [4], that recognizing whether a graph belongs to
a property P-Q (i.e. recognizing whether it contains a graph from F(P-Q) as a sub-
graph) is polynomial only in the simplest case : if the property P-Q is the property
“to be bipartite”. Useful information on the structure of F(P-Q) can be obtained
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by investigation of graph invariants associated with the property P-Q.

We say that a graph invariant ¢ is additive with respect to reducible hereditary
properties (abbreviated by ARHP) if for any reducible property P-Q the equality
@(P-Q) = @(P) + @(Q) is valid.

In [5] we proved that the subchromatic number {(G) = x(G) — 1 is ARHP and we
stated the following problem:

Question 23.2. Which graph invariants are ARHP?

In [6] we presented a necessary and sufficient condition for a graph invariant to be
ARHP and we proved that amongst the others the degeneracy number and tree-
width are ARHP. Our investigation stimulates us to formulate the following more
specific problem:

Question 23.3. Is the choice number ch(G) ARHP?
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24 VERTEX PARTITIONS AND GRAPH POLYNOMIALS

(Peter Tittmann)

Let G = (V, E) be an undirected finite graph with n vertices. A partition t € IP (V)
of the vertex set of G is called independent if all blocks of 7t are independent vertex
sets of G. Here IP (V) denotes the set of all partitions of V. Let a; be the number
of independent partitions with i blocks of G. Then the chromatic polynomial of G

is
n
— E aixl/
i=0

where xt = x (x — 1) - - - (x — i+ 1) denotes the falling factorial of x. A connected
partition 7 € IP (V) consists of blocks that induce connected subgraphs of G. The
set IP. (G) of all connected partitions of G forms a geometric sublattice of IP (V)
([4]). Rota ([3]) showed that the chromatic polynomial can be obtained from

P. (G):
P(G,x) = Z u(@,c)x‘”‘
oclPc(G)

Let qi (G) be the number of connected partitions of G = (V, E) with exactly i

blocks and N
= Z di (G X
i=0

We call Q (G, x) the partition polynomial of G. Two graphs with coinciding partition
polynomial are said to be Q-equivalent. We can derive from Q (G, x) the number
of edges, vertices, triangles, components, and the girth of G. For a vertex v € V,
we denote by N (v) the set of vertices that are adjacent to v in G. Let X C V
and let Gx the graph obtained from G = (V, E) by merging all vertices of X into
a single vertex. Possibly arising parallel edges are replaced by single edges. Then
the following equation is valid for each vertex v € G:

Q(G,x) =xQ (G —v,x)+ Z (1)|W|+1Q(Gw,x)

Problem 24.1. The lattice IP. (G) of connected partitions determines the chromatic
polynomial uniquely. In which way does the partition polynomial (which may be
considered as rank generating function of IP. (G)) determine the chromatic polyno-
mial? Are there Q-equivalent graphs with different chromatic polynomials?

Problem 24.2. The chromatic polynomial and the adjoint polynomial ([2]) can be
computed in polynomial time for graphs of bounded treewidth. Can we find an
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algorithm that computes the partition polynomial of a graph of bounded treewidth
in polynomial time?
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25  VERTEX-DISJOINT INDEPENDENT SETS

(Anja Kohl)

While investigating the minimum order of k—chromatic K,;—free graphs the fol-
lowing question concerning Ramsey numbers arises:

Question 25.1. Let G be a graph with clique number at most 1, independence
number 3, and order n = R(r + 1, 3) 4+ 1. Do there always exist two vertex-disjoint
independent sets with 3 vertices?

Known: If the order of G is n = R(r + 1, 3) 4 2, then the answer is "yes”.

31



DOMINATING SETS

26 [DOMINATION HYPERGRAPHS OF TOURNAMENTS

(Martin Sonntag, Hanns-Martin Teichert)

Let D = (V,A) be a digraph. A subset V' C V is called a dominating set iff
Vx € VAV 3y e V':(y,x) € A. The domination graph D(D) has vertex set V
and its edges are the dominating sets of cardinality two (see for instance [1]). As
a natural generalization the domination hypergraph DJ{(D) also has vertex set V
and its edges are all minimal dominating sets V' with [V'| > 1.

There are many interesting results on domination graphs of tournaments T,,, e.g.
in general D(T,,) is not connected (see for instance [2]).

Conjecture 26.1. The domination hypergraph DI (T,,) of a tournament T, is always
connected.

The conjecture is true for n < 9. We tested hundreds of bigger examples (up to
n = 23) by Mathematica routines and found no counterexample. It is easy to prove
that every nontrivial component of DJ{(T,) contains at least three edges. A first
step to verify the conjecture could be the investigation of regular tournaments.
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27  WEIGHT OF GRAPHS HAVING A GIVEN PROPERTY

(Stanislav Jendrol’)

Let B, € and D+, denote bipartite graphs, connected graphs and graphs of mini-
mum degree at least 1. The following results have been proved in [1].

Theorem 27.1. If a* = [“_— ”;2_4’“1, b* = [I] and p* = min(a*b* —m, 2), then
a*+b* —p"<Wh,m3B)<a" +b"—p*+1.

There are sufficient conditions for W(n, m, B) = a* + b* — p*:
e p*€{0,1}
® b*>2a"+ 1
® n>40and m < [0

A necessary condition for W(n, m, B) = a* + b* — p* + 1: there is | € Z* such
that m = (a* + 1)(b* —1—1).

Let k, m’,, ¢, d, e be integers defined by (3) — (J)) < m < (3) = (5), m' =

(3) — (5) —m, T = {%ﬂ, c := 1 if either m’' < L%J orm/ = (n—k—1)?
¢ := 2 otherwise, d := | 22|, e:=0if eitherm = (}) —Tord <n—3and2m = q

(mod n), 0 < g < d—1,and e:=1 otherwise.

Theorem 27.2. If48 <n—1<m < (3) — ("™?)), k> Zand € C P C Dy, then
Wmn,m,P)=2n—k—r—c.

Theorem 27.3. Ifn. > 15, (3) — (M) +1 <m < (3) and € C P C Dy, then
W(n,m,P)=2d+e.
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28 FRACTIONAL GRAPH PROPERTIES

(Peter Mihok)

A graph property P is any nonempty isomorphism-closed class of simple (finite
or infinite) graphs. We will consider additive and hereditary graph properties i.e.
classes closed under disjoint union and subgraphs.

The fractional invariants were introduced in [2]. In 1999 we considered with
Zsolt Tuza and Margit Voigt (see [1]) the generalized fractional chromatic number
of graph. Here we stay some problems which are related to some generalized
invariants.

Let a, b be positive integers, a > b and P be an additive and hereditary graph
property. A fractional (circular) (P, a : b)-colouring of a graph G is a mapping ¢
of V(G) to the set of all b-element subsets (of b consecutive elements modulo a)
of {0, 1, ..., a — 1} such that for each “colour" 1,0 < i < a — 1 the subgraph Gli]
induced by the vertices where i € ¢(v) has the property P.

For a given property P the class of all graphs which possess a fractional and circular
(P, a : b)-colouring will be denoted by P and Pl@t),

For given different graph properties P, Q we say that P is a bound for Q if Q C P.
Let us consider the properties:

O = {G €7J:Gisedgeless, i.e., E(G) = 0},
Sy {G € J: the maximum degree A(G) < k},
Dy = {G €7J:Gis k-degenerate, i.e., the minimum degree 5(H) < k,
for each H C G},
Tx = {G € J: G contains no subgraph homeomorphic to Ky.»

or K\_%J,’—kﬁg—‘}’

2

It is known that the class T3 of planar graphs has the bounds O*1/; DE&”; (D1 M
82)[3:1}; DES:Z].

We propose to study best fractional and circular bounds for given graph properties
in the following sense:

We say that P¢* (Plab)) js a best fractional (circular) P-bound for Q if Q ¢ Pab
(Plebhy put Q ¢ Prs (Psl) for any (r:s) < (a:b) (as rational numbers).

Problem 28.1. Determine best fractional and circular bounds of planar graphs.
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29  WITNESSES FOR H-REDUCIBILITY OF INDUCED
HEREDITARY GRAPH PROPERTIES

(Ewa Drgas-Burchardt)

For given graphs Gy, ..., G, and a graph H with V(H) = {v, ..., vy}, we will use
the symbol H[Gy,..., G,] to denote the graph whose vertex set is the union of
V(G1),..., V(Gn) and whose edge set consists of the union of E(G1), ..., E(Gy)
with the additional edge set {{x,y}: x € V(Gi), y € V(G;j), {vi, vj} € E(H)}

A graph property is any class of graphs that is closed under isomorphisms. A graph
property P is induced hereditary if it is closed under taking induced subgraphs.
The class of all induced hereditary graph properties will be denoted by L.

Let H be any given graph on vertices v¢,...,vy, 1 > 2. A graph property P is
H-reducible over L if there exist Py, ..., P, € L< such that P consists of all graphs
whose vertex sets can be partitioned into n parts, possibly empty, satisfying:

1. for each i the graph induced by the i*" non-empty partition part is in P;, and

2. for each i and j with i # j there are no edges between the i and j*™" parts if
v; and v; are non-adjacent vertices in H, and

3. there exists a graph G € P such that each partition (Vs, ..., V) of G satisfying
the above two conditions has the property V; # () for all 1 € [n].

If P € L¢ is H-reducible over L¢ then the graph G satisfying the (3)™ condition of
the definition is called the witness for H-reducibility of P.

Question 29.1. Let H be at least 2-vertex graph and let P be the property which is
H-reducible over Lc.

1. Does there exist a witness G = H[Gyq, ..., Gy] for H-reducibility of P?¢

2. If the first question has negative answer in general, then characterize graphs H
for which such a witness exists.
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30 CAN PLANAR GRAPHS BE CHARACTERIZED IN TERMS
OF THE VERTEX LABELLINGS THEY ADMIT?

(Izak Broere, Erika Raubenheimer)

The basic idea of this contribution is stimulated by a characterization of outerplanar
graphs in terms of the vertex labellings they admit as described in [1]. An outer-
planar graph is a graph G which can be embedded in the plane in such a way that
all the vertices of G lie on the boundary of some region, usually chosen to be the
exterior region. A graph G of order p is called cyclic labelable in [1] if there exists

a labelling of the vertices of G with vy, v,,...,v,, called a cyclic labelling, such
that for every k > 3 every cycle of G of length k can be described in terms of its
labels as vi,, vi,, ..., Vi, vi, withi; <1y <--- < iy

Theorem 30.1. (/7] and [2]) Let G be any graph. Then the following conditions on
G are equivalent:

(a) G is outerplanar

(b) G contains no subgraph homeomorphic from K4 or K; 3

(c) G admits a cyclic labelling.

In [1] a graph G is called near cyclic labelable if there exists a labelling of G such
that every cycle of G can be described in terms of its labels as v, vi,, ..., vi,, Vi
with iy < i < - <ijq1 < iy < --- < i forsomej € {1,2,..., kb Itis then
shown that every near cyclic labelable graph is planar. However, not every planar
graph is near cyclic labelable - the unique 4-regular graph of order six is an example
which proves this remark. In order to pursue this question further we now relax
the conditions in the definition of near cyclic labelable further. For this we say, for
three positive integers p, q and r that p is flanked by q and rif ¢ > p < r. We
now define a graph G to be n-defective cyclic labelable if there exists a labelling
of G such that every cycle of G can be described in terms of its labels in such a way
that at most n indices of the vertex labels are flanked by the indices of the labels
of the two vertices which are adjacent to them in the cycle. However, we then still
have

Theorem 30.2. For every natural number n there is a planar graph G,, of order
271 + 2 such that for every labelling of G, there is a cycle which, in terms of this
labelling, has at least n. + 1 vertices of which the indices of the labels are flanked by
the indlices of the labels of the two vertices which are adjacent to them in the cycle.

Hence, for every n, there is a planar graph which is not n-defective cyclic labelable.
The problem is therefore to find a type of labelling which characterizes the planarity
of a graph.
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31 PATH-SECURITY NUMBER OF A GRAPH

(J. Katrenic, G. Semanisin)

Let G be a graph and k > 2 an arbitrary, fixed integer. Then S C V(G) is the k-path
security set of G if every path on k vertices in G contains a vertex from S. The
k-path security number 1y (G) of G is the cardinality of a minimum k-path security
setin G.

This graph invariant was recently introduced in [2], where the motivation for this
problem arises in ensuring data integrity communication in wireless sensor net-
works.

Theorem 31.1. For a graph G with n vertices and m edges ¥3(G) < 2

Moreover, for an arbitrary rational number x, 1 < x < 2, one can construct
a (not-connected) graph G with n vertices and m edges such that ™ = x and

Y3(G) > 2“%-

Problem 31.1. Let G be a connected graph with n vertices and m edges. Find a
tight upper bound for Wy (n, m).

Note that ¥, (G) corresponds to the size of the minimum vertex cover. Tight upper
bounds for W3 are already known for trees, outerplanar, cubic graphs and hyper-
cubes.

For any fixed integer k > 2 the k-Path Security Problem is NP-hard ([1]). A trivial
algorithm to compute ¥y runs in time O(2™n°)),

Proposition 31.1. The value of Y3 can be computed in time O(1.749V(€)),

For trees there is a polynomial time algorithm. For outerplanar graphs, the value
of W3 can be computed in polynomial time. A k-approximation algorithm for Wy is
trivial.

Proposition 31.2. There is a polynomial 2.25-approximation algorithm for Y.

Problem 31.2. Is there a polynomial time constant factor approximation for ¥y?

References:

[1] B. Bresar, ). Katrenic, F. Kardos, and G. Semanisin, Path-security number of a graph
submitted manuscript.

[11 M. Novotny, Design and Analysis of a Generalized Canvas Protocol
Proceedings of WISTP 2010, Lecture Notes in Computer Science, Vol. 6033 (2010), 106-121.

38



NoTEs

39



NoTES

40



